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ABSTRACT: We investigate boundary dynamics of orbifold conformal field theory involv-
ing T-duality twists. Such models typically appear in contexts of non-geometric string
compactifications that are called monodrofolds or T-folds in recent literature. We use the
framework of boundary conformal field theory to analyse the models from a microscopic
world-sheet perspective. In these backgrounds there are two kinds of D-branes that are
analogous to bulk and fractional branes in standard orbifold models. The bulk D-branes
in T-folds allow intuitive geometrical interpretations and are consistent with the classical
analysis based on the doubled torus formalism. The fractional branes, on the other hand,
are ‘non-geometric’ at any point in the moduli space and have not been considered in the
doubled torus analysis so far. We compute cylinder amplitudes between the bulk and frac-
tional branes, and find that the lightest modes of the open string spectra show intriguing
non-linear dependence on the moduli (location of the brane or value of the Wilson line),
suggesting that the physics of T-folds, when D-branes are involved, could deviate from
geometric backgrounds even at low energies. We also extend our analysis to the models
with SU(2) WZW fibre at arbitrary levels.
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1. Introduction and summary

Recently much attention has been focused on a class of string backgrounds that involve
duality twists [ll-f]. These backgrounds are formulated as fibrations over a base manifold
in which the transition functions are built from discrete duality transformations over and
above the standard continuous (diffeomorphism and gauge) transformations, so that the
fibre picks up non-trivial monodromies as it goes around cycles on the base. As the dualities



are no less fundamental symmetries of the theory than the diffeo and gauge symmetries it
is natural to suppose that these are as good backgrounds for strings as standard manifold
backgrounds (‘geometric backgrouds’). In recent literature such backgrounds are called
‘monodrofolds’ [P] or, when the duality used in the construction is T-duality, ‘T-folds’ [I]
in particular. In the present paper we shall be concerned only with T-folds.

T-folds are an example of non-geometric backgrounds and have features that differ
from ordinary manifold backgrounds. For instance the metric and the Kalb-Ramond field
are not defined globally since T-duality mixes these two. For T-folds of d-torus fibrations
over a base manifold B there exists a very useful framework known as the doubled-torus
formalism, developed in [[l]. This is to construct from the original T-fold an enlarged space
T?@T?® B where T (with coordinates X = X —Xg) is T-dual to T¢ (with X = X+ Xg).
In the enlarged space the T-duality group O(d,d;Z) acts linearly. The doubled torus is
geometric and is considered as the collection of all possible T-duals associated with a given
T-fold. A T-fold is obtained from the doubled torus by projecting out redundant degrees
of freedom. The choice of physical degrees of freedom is called polarisation in [[J. The
equations of motion of a T-fold are recovered from the doubled torus using appropriate
constraints; hence the doubled torus with appropriate polarisation and the original T-fold
are equivalent at classical level. Classical T-fold backgrounds are also related to Hitchin’s
generalised complex geometry [—H]. See [[L, [LT] for recent studies.

In string theory the space-time arises, in principle, as a consequence of the string
world-sheet dynamics. In particular, when studying non-geometric backgrounds that are
somewhat beyond our intuitive understanding of spacetime, the world-sheet theory is ex-
pected to provide rich information beyond the supergravity approximation. The world-
sheet of T-folds is known to be described by conformal field theory (CFT) of asymmetric
orbifolds [[J]. These are subject of recent intensive study motivated by phenomenological
interests, as they give rise to various models of non-supersymmetric string backgrounds
with vanishing [[[3, [[4] or exponentially suppressed [[§] cosmological constant. An elemen-
tary check of legitimacy of such CFT is whether the model preserves modular invariance at
one-loop level. In stark contrast to the symmetric cases the level-matching in asymmetric
orbifolds is not automatic and the one-loop partition functions often fail to be modular
invariant. As observed in [L] it is nevertheless possible to construct consistent models of
asymmetric orbifold in which the modular invariance is recovered by cancellation of level
mismatch. The authors of [[Ld] re-consider this issue in the context of T-folds. We review
these technical details in section f.

D-branes are essential in studying various non-perturabative aspects of string back-
grounds, such as dual gauge theory, meta-stable vacua, and string duality. They can also
be used as a probe to analyse the geometry of the background. D-branes on T-fold back-
grounds are constructed and analysed in the doubled-torus picture in [I7], where classical
D-brane spectrum consistent with the O(d, d; Z) monodromy was found in the model of 7%
fibrations over S'. In the present paper we study D-branes in a simple model of T-fold in
the framework of world-sheet orbifold CFT, which would be complementary to [[7]. There
are earlier work on D-branes in (different models of ) asymmetric orbifolds, see e.g. [I§, [[9].
Our findings are summarised as follows:



1. We analyse D-brane spectrum in the T-fold model of S* fibration over S* base. There
are D-branes (bulk branes) that have geometric counterparts in the doubled picture.
They are identified with those found in [[I7].

2. Furthermore, we also find D-branes involving the twisted sector (fractional branes),
which are expected but not concretely constructed in [[7]. Computing overlaps re-
veals that both bulk and fractional branes satisfy Cardy conditions and hence they
coexist in the T-fold background. We find the mass of an open string stretched be-
tween the bulk and fractional branes shows intriguing non-linear dependence on the
moduli.

3. We extend the analysis to T-fold models with SU(2), fibration over S! and find
similar results.

The plan of the rest of the paper is as follows. In the next section we describe the
St over S! model of T-fold CFT by reviewing discussions of [R0], [[6, R1]. In section 3 we
discuss D-branes in this background; we construct boundary states of bulk and fractional
branes, check their modular consistency (Cardy conditions) and discuss their properties. In
section 4 we consider world-sheet fermions, and in section 5 we generalise our discussions to
models with SU(2) Wess-Zumino-Witten (WZW) fibre, and conclude with some comments.
Summary of formulae as well as technical issues are relegated to 4 appendices.

Throughout this paper we use the convention of o/ = 1.

2. The world-sheet CFT

The example of T-fold that we shall consider in this section and the next is a circle fibration
over a base of another circle, with the transition function being the T-dualisation so that
the fibre transforms into its T-dual as it moves around the base [Rd, [Ld, 1] (also, Chap.18
of [RZ]). We set the radius of the base circle to be R and that of the fibre circle to be at self-
dual: R’ =1, so as to make it possible to gauge the T-duality symmetry. The fibre and the
base coordinates are respectively X (z,2) = Xp(2) + Xgr(2) and Y (z,2) = Y.(2) + Yr(2).
The T-dualised fibre coordinates are X (z,%) = X1(z) — Xr(2). The T-fold is defined as
an ‘interpolating orbifold’ on the covering space S1 x 521}27 whose orbifold action is the
T-duality transformation on the fibre accompanied by the half shift along the base circle:!

Y =Y + 2nR. (2.1)
In [P] it is discussed that the naive T-duality action

T:X = (Xp,Xg) — X = (X1, —Xgr), (2.2)

Tt is shown in [@] that the doubled formalism [m, E] (see also [@, @f@]) may be used to obtain the
same one-loop partition function of this T-fold model. In this paper, however, we shall not use the doubled
torus formalism.



leads to difficulty in modular invariance of the one-loop partition function.? A reasonable
remedy for this is proposed in [[Lf], by implementing an appropriate shift in X, that ren-
ders the partition function of the asymmetric orbifold into essentially that of a (modular
invariant) symmetric orbifold. Similar construction of various T-duality orbifolds is dis-
cussed already in [[J-[L5, 7, P§. In this section we review the computation of the modular
invariant one-loop partition function. The system has central charge ¢ = 2 and may be
considered as a part of critical bosonic string theory. We will not mention the other ¢ = 24
components below, however.

2.1 Locality of vertex operators and T-duality

Before discussing the partition function, we present the argument [[[§] on how the T-duality
should act on vertex operators in a way consistent with locality. To make things simple we
focus only on the fibre part. Consider the vertex operator,

VkL’kR(Z,E) = CkLJfR : 6ikLXL+ikRXR . (23)
The cocycle factor Cy, i is defined as®
Chp kg = €707, (2.4)

We denote the momentum and winding number operators with hats n, @w to distinguish
them from corresponding numbers (eigenvalues) n and w. They are related to the left and
right moving momentum operators by

pL=n+w, pr=n—b. (2.5)

The eigenvalues for the operators pr and pr are k; and kr. We use round brackets to
write the vertex operator (@) in terms of a pair of integers n and w instead of k7, and kg,

V(mw)(z,i) = Vi kn (2, 2). (2.6)

The cocycle has been included to make these vertex operators mutually local,

Vip ke (2, 2) Vi 1 (2, 2) = Vir i (2,2 ) Vi ks (2, 7). (2.7)

The vertex operator dual to (B-3) under the (naive) T-operation (B.2) would then be
eﬁiﬁﬁ) . ei/;LXL(Z)—I—il;RXR(Z) = 17121”];12 (27 2)

(2.8)

T - VkL7kR(272) N ewiww . eikLXL(Z)—ikRXR(Z) =

2The failure of modular invariance originates from treating the naive T-operator (@) as an order 2
automorphism, which is not the case. Indeed, as we will see later, one can still construct a modular
invariant partition function of the interpolating orbifold based on T'® 72, r, which has an order 16 orbifold
structure (the fact that we should have an order 16 orbifold originates from the level mismatch 1/16 in
the twisted sector). See also [@] However, we shall concentrate on the ‘improved’ T-duality operator T”
(or T") defined later, since it is truly an order 2 automorphism and consistent with the locality of vertex
operators.

30ur conventions follow [@] The authors of [E] use a different convention with an extra factor
exp(—%m’nw) but the difference is not essential in subsequent discussions.



Here l;:L =n+w=kp, /:;R =w—n = —kg, and n = w, W = n. Note that the T-dualised
cocycle factor appearing in (R.§), é,;LJ;R = ™" differs from the original one (R.4). The
operators Vi, ., and 9,,32,% are not mutually local when wn’ + nw’ € 2Z + 1, as can be
seen from their operator product

VkL,kR(Zy 5)17k2’k3?(2/, 5/) = em(wnl—‘_nw/)ﬁkbk%(zl, El)vkka(Z, 2). (29)

This would not cause any problem were we dealing with two separate theories that are
T-dual to each other. In the case of T-fold, however, we encounter such cross operator
products and their non-locality indicates inconsistency of the model; in order to construct
a sensible model we need to make the product (R.9) local. This can be accomplished by
including the appropriate factor of e™™? [[[f into the definition of the T-duality transfor-
mation.* This ‘improved’ T-transformation (which we shall denote by 7”) acts on states as

T': |n,w, N', NY) — (—1)2Niei”ﬁw\w,n,Ni,Ni>, (2.10)

where N and N? are the left and right occupation numbers. For the vertex operators, this
operates as

T - V(n’w)(zyg) _ e—iwnweiwﬁ)ﬂ . ei/;LXL-l-iI;RXR = e—iwnwv(w’n)(z7 2). (211)

Thus the improved T-operator T’ acts on vertex operators as n < w while keeping the
cocycle factor C' unchanged up to a C-number phase; this assures the mutual locality of
vertex operators.

We also note that 7" is actually involutive, (7”)2 = 1, on the whole Hilbert space,
whereas T is not. This is because T is interpretable as operator (1, eimJo ) in terms of the
SU(2); current J* characterizing the self-dual compact boson (note that e2™/6 £ 1; it
generates a non-trivial phase).

2.2 The T-fold as an orbifold

We defined the world-sheet CF'T of the T-fold as an asymmetric orbifold on the covering
space S} x S% R, With order 2 orbifolding group G = {I,0} where I is the identity and o is
T-dualisation of the fibre combined with the half shift in (the covering space of) the base
Toxrr: Y — Y + 27R. The computation of the one-loop T-fold partition function then
follows the standard theory of orbifold,

1 1
Zt 5y = — S e =5 (10 O+ O+ 0). (2.12)
|G| g 2 I 1 o o
g,heG
As the Virasoro zero-modes are sums of the fibre and base parts Lo = LAPre 4 [base,
Ly = fgbm + fgaso, the partition trace in each sector sector-wise splits into the base and
fibre parts,

"Olr,7) = Trhgho~ frgho i = Zbss(r, 1) 2805, 7), (2.13)
g9

4n [@] relation between this factor and a topological term in the supergravity description is discussed.



where

Ziig = T ha B (214)
re_ —fibre
255 = I ha s 215)
g

Here H; (H,) is the Hilbert space of the untwisted (twisted) sector.

2.3 The fibre part of the partition function

Below we describe an explicit computation of (B.1§) in the operator (rather than path-
integral) formalism. This is essentially the modular orbit completion [R9, Pg] using the
orbifolding group that has been spelled out in (R.I0). We first look at the untwisted
Hilbert space with no twist insertion, Z[f}b;]e The Virasoro zero-modes in this sector can

be written using the number operators N, = %a_kak and N = %a_kak (ar and ay are the

mode operators of X7, and Xg) as

Lhbret — ZkaJr (A + )2,

i

e ZkaJr i —w)?. (2.16)

The Hilbert space H?bre is

Hie = @ Patials-atials- - |(n,w)), (2.17)

prNq n,w

with N, and ]\_fq non-negative integers and n,w € Z. Now using (R.16) and taking the trace

over H?bre one finds,

re = n ’LU 7171 ’LU2
2 7) = | ( E 2 ¢ (n, w)|qE 0P G0 ()

nweZ
02(27) % |65(27) |2
— (ntw)? (n w)? _ |Y2 3 2.1
T oF 2 e el

For computing Z[ﬁjb;]c = Z[i}b:rﬁ] we split the untwisted space H?bm into T-even and T-odd
subspaces,

Fr= P Patia---aMias- - ((n,w)) + ()™ (w,n)))

Np,Ng W
> Ng=even

o P PaiaaVias - ((nw) — (—1)"|(w,n))),

Np, Ng n,w
> Ng=odd



Fo= P Paiay---atas - ((nw) + (-1)"(w,n))

Np, Ng n,w
> Ng=odd

o P PatasaMas ((nw) - (D)™ |(w,n).  (219)

Np,Ng TWw
3" Ny=even
It can be checked that T'u = du, v € F4. Taking the trace over H?bre with 7" inserted
in the temporal direction, we see that when n # w the traces over F and F_ cancel each

other, so the contribution comes only from the fixed points n = w of the T”-transformation.
The trace is then,

fiber_ 1 ﬁbcr_i
Aem) = 1 T
« ) (_1)ani(n+w)2q_%(ﬁ—u§)2 ' ’
= E n,w . w,n
n=w W(T)‘jﬂ Hk—l(l + qk)
n2weZ

1 Z(_l)nqn2 2 _ ‘277(7) . (2.20)

n(7)

In the last line we made use of identity (JA.4). Taking modular transformations we also

nez

obtain
) e 1 Fhbre 1 ~ 2n(T)
Zibrer =y = Ty L8 Lo g5 (= gfibre(_1/7 1 — |21 2.21
W) = I R (= 2y ) = |50 22
—fibre 1 _ 27](7’)
Zfibre = Tr T'¢h0"~21gko Zibre(r 11,74 1)) = . (2.22
s T) = T T oage o (= 2+ 17+ D) = 05| (222

The expressions (R.1§), (R.20), (B.21]), (R.29) are the the partition traces of the fibre part of
the T-fold. They are nothing but those of the ¢ = 1 CF'T at the Kosterlitz-Thouless point.

In the computations above it was essential to include in the definition of T-
duality (P-10) the phase factor ™™ that is associated with the locality of vertex operators.
Since nw = %(ﬁ% — p%) this factor contributes €171 to the left-moving sector and e~ TPk to

the right-moving sector. The authors of [lf] also compute the same partition traces based
on a slightly different approach, with T-duality defined by

1
T X1, — X1 + 37 Xr — —Xg, (2.23)

instead of (2.10).° A merit of this approach is that the left and right sectors of the fibre can
be treated separately as two chiral orbifolds whose covering spaces are both S* at self-dual
radius. The left part of the action (R.23) generates a shift orbifold, namely CFT of a boson

5The vertex operators are transformed under T" as e**2Xr — e%(”“")eikLXL7 e®*rXR _, ¢=RRXR g9
at the fixed points n = w of the orbifold the shift in X, yields the same phase factor as e™™% of ),
giving the same contribution to the partition trace as in () When n # w, T' and T" generate different
phases in vertex operators. It is argued in [@] that the difference of the phase factor can be absorbed into
the normalization of the ground states.



on S! at the radius reduced by half (i.e. it operates as a ‘chiral half-shift operator’). The
right part generates a reflection orbifold S'/Zs, i.e. a line element of length 7. As is well
known these two chiral CFTs are equivalent; the orbifold group (B.23) acts on currents
JEt = et2Xe 3 = i0X, Jt = et?XrJ3 = i0Xp, of the underlying SU(2);, x SU(2)r
symmetry as J* — —J* J3 = J3 Jt - JT JP — —J3 or

JU— —Jh J? - —J2, J3— J3,

Jt— J, J? — —J?, I — —J3. (2.24)
In other words one can identify
T = <ei”15’ et ) . (2.25)

As the left and right actions of T” are equivalent up to a global SU(2) rotation, the resulting
orbifold CF'Ts should be equivalent.

In this picture the left and right CFTs are represented by chiral bosons with (anti-
)periodic boundary conditions,

Xr(z+ kwi + bwe) = X1(2) + %7‘1’(1{3(2’[0 +a) +£(2m + ), (2.26)

Xr(2) + w(kw + fm) (a, B) = (0,0),

eﬂi(ka—l—éﬁ)XR(z) (a’B) 7& (07 0)7 (227)

XR(5 + ko) + biwg) = {
where a, # € {0,1} represent boundary conditions and correspond to 0 «» [ and 1 < o
of the orbifold sectors. wi(= 1), wa(= T) are the two periods of the world-sheet torus and
w,m € Z. The partition traces of these chiral bosons can be found by path-integral (see

e.g. BU, BI]) and are shown to coincide with (R.1§), (B:20), (B-21)), (2:29).

In the following sections, we shall work with the T"”-operator rather than 7" in order

to make the SU(2)-structure manifest.

2.4 Modular invariance of the partition function

The base part of the T-fold is a free boson Y (z,zZ) = Yp(z) + Ygr(2), defined (in the
covering space) on S' of radius 2R. As the group action o of the orbifold shifts Y by 27 R,
the periodicity of Y is odd (even) integer multiple of 2rR when there is (there is not) a
o-twisting. We thus consider periodic boundary conditions

Y1 (z + kwi + bws) = Y.(2) + mR(kw + {m), (2.28)

and likewise for Yz, where w; o are as in (R.26) and k,¢ € Z. The partition function for
each boundary condition (w,m) is

R 1 TR wt + m)|?
Z T) = _— . 2.2
R,(w,m) (7—7 T) Tor |77(7_)|2 €xXp { Tmr ( 9)

On the world-sheet w; (w9) is the spatial (temporal) direction as before. As the twisting
by Tor g in the wy (ws) direction corresponds to w (m) being odd, the partition trace (R.14)



of each sector is obtained by summing up w and m of appropriate parities,

b _
Zpey (1, 7) = E Zyon (w2 m+)7'7' =2 E Z R, (w,m) (75 T)
w',m/€Z we2Z+a
me27+3

_ |2 (- (+2)” (2" (2.30)

ke

where «, § € Z5, and we have Poisson-resummed to go to the last line. The correspondence
between the notation here and that of (.14) is (0,1) < (I,0). As can be easily checked
these partition traces are modular covariant:

Z0 (1 + 1,7 4+ 1) = 2258, (7, 7),

ZR(=1/7,=1/7) = 2555 (r.7). (2.31)

Assembling the base and the fibre pieces from the last subsection the one-loop partition
function of the T-fold reads

0. ase 0 27— ? 9 27— ? ase ase T ase T
7= Z[%‘ﬂ( rCR ) )*Z[%ﬂ el e il e
(2.32)

with Z[base] given by (R.30)). As the fibre and the base parts are both modular covariant,
the T-fold partition traces (R.1J) are modular covariant and hence the partition function
is modular invariant. Actually, (R-32) is just the same partition function as that of the
symmetric orbifold
ST % Sig] /<R ® TM),

where R acts as reflection on the fiber coordinates, R : (X1, Xgr) — (—Xr,—Xg). This
of course is expected from the above construction of the modular invariant. This does not
mean, however, that the T-fold CFT (the asymmetric orbifold) describes the same physics
as the symmetric orbifold. As we shall see in the next section, the physics of D-branes in
these two models differs significantly; this is one of our motivations to elaborate on the
dynamics of T-fold boundary states in the next section.

We comment on T-duality along the base circle. The standard T-duality along the
base is not a symmetry of the T-fold since the U(1) isometry is broken by the orbifold
construction. Instead, the following interpolating orbifold may be regarded as the T-dual
of the T-fold along the base:

S0 (70 Ty, o
where the ‘dual translation’ ’f% 1 is defined to act as (Yr,Ygr) — (YL + ZW%,YR —

271%). Note that 7~_27T% is interpretable as the double covering operator S}l%/2/’2~'27r% = S}Q,
corresponding precisely to the T-dual of the half-shift operator. The modular invariant of
this model is computed to be

ZT-dval. T-fold (7 Z Zpe o(r,7) 285 (1, 7), (2.34)
o,BE€Zs



where
}O%?[Sc(v),ﬁ](ﬂf) = Z (=15 Z g 13 ) (T, T). (2.35)

w,meZ

For the dual radius R = 1/R one can use the Poisson resummation to check that
Z5n (T T) = Zgte (1. 7). (2.36)

Hence the model (2.33) indeed has the partition function equal to that of the original T-fold
with the base S' at the dual radius.

3. D-branes in the T-fold

In this section we study boundary states describing D-branes in the T-fold background
described above. In orbifold theory there are two types of D-branes in general: bulk
and fractional branes. The bulk branes are given by making the orbifold projection on
the boundary states in the parent theory that are not invariant under the action of the
orbifold group. In other words, these are just superpositions of branes and their ‘images’
of the orbifold action. In the T-fold these roughly correspond to superposition of Dirichlet
and Neumann states in the fibre, times a base state. On the other hand, the fractional
branes correspond to boundary conditions invariant under the orbifold action already in
the parent theory (typically, the branes localized at the fixed points of orbifolds). Their
boundary states involve contributions from the twisted sectors that are necessary for an
orbifold projection in the open string Hilbert space [BJ]. It turns out that the both types
of branes exist in the T-fold model.

3.1 Boundary conditions and boundary states

We start with general remarks before constructing the boundary states. The machinery
of boundary conformal field theory is well developed for (symmetric) orbifold models [B -
BH]. Conformal field theory may generally have larger symmetries than Virasoro and the
question of finding boundary states is closely related to which sub-symmetry of the full
bulk symmetry the boundary should preserve. Clearly the most elementary boundary
states are the Virasoro boundary states that are spanned by Virasoro Ishibashi states [B6],
since the conformal symmetry must be preserved by any boundary of CFT. In ¢ = 1
conformal theory there are other symmetries such as U(1) or the enhanced symmetries Ay
or Ax/Zsy that are present at various special points in the moduli space.® The boundary
does not necessarily preserve such an extended chiral symmetry but when it does it carries
corresponding charges of the symmetry. In the case of Virasoro the boundary carries the
label of Virasoro weight. For U(1) the boundary is characterised by momenta and winding
numbers. When the conserved symmetry is the extended symmetry Ay or Ay/Zy the
boundary is characterised by the representation labels of the rational CFT. When the

5The symmetries Ax and Ax /Z2 are cousins of the SU(2) away from the self-dual point (in fact A; =
SU(2)). Notations of these rational models are summarised in appendix E A4 ~ Ay /Z> concerns us in
studying the T-fold.

— 10 —



model allows a free field representation we also have familiar Dirichlet or Neumann states;
Dirichlet is characterised by the position of the D-brane while a Neumann boundary can
carry a Wilson line parameter. In general we have better control of boundary states when
the preserved symmetry is larger. As we are ultimately interested in the physics of the
string background we shall try to construct analogues of Dirichlet and Neumann states.
This is straightforward in the bulk brane case as the concept of Dirichlet and Neumann is
just inherited from the parent theory. In constructing fractional states we will first look at
the extended symmetries A4 and Ay /Zs.

For constructed boundary states we shall check the Cardy conditions, considering
the cylindrical (annular) world-sheet. Namely, the closed string amplitude Z¢(is) =
(Bgyle™™H°|By) should be equated to the open string one-loop amplitude Z°(it) =
Try,, e~ 2™H° by modular transformation t = 1 /s, with boundary conditions correspond-
ing to the boundary states (B,| and |By). Here H = Lo + Lo — &5, H° = L™ — &
are the closed and open string Hamiltonians. When both (B,| and |Bp) are frac-
tional branes, the open string amplitude has to be suitably orbifold-projected: Z°(it) =

|—é\ >heq T, [he ?™H7].
3.2 Bulk branes

Let us first recall that familiar Dirichlet and Neumann states of a compact boson on a
circle of radius R are

€z k=1
=, \/E —iWT = 1 =
IN(Zo))r = S/ Z e W R oy Z 7 a-ka—k 1(0,w)), (3.1)
wWEL k=1

with zy (Z¢) parametrising the position of the D-brane (Wilson line on the Neumann state).
Their overall normalisation has been chosen so that the overlaps yield consistent open string
spectra (the Cardy conditions) (Azg = xo — x(, AZg = To — T, t = 1/s);

1 1 n?2 Az

—nxsHE / _ —2ms T j=0p
r{(D(z0)le |D(x())r —ﬂR—n(is)Ze 1Rz ' R

— ( 7 2 Z 3_2Wt<Rw+ om )2 = ZRP (it; Axp)

c 1 2,2 . _
RN (@) e ™ |N (&) r = ﬁ ; )Ze—2wsR4 JiRARg
Axo

= @ Z (i) =z s

rR(D(zo)le ™ |N (&) r = \/—\/ZZ Z:: = \/94((12?) = 7PN (it). (3.2)

We wish to find boundary states of the T-fold that are combination of such Dirich-
let and Neumann states. As already addressed, we regard the T-fold as the orbifold of
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S{ (fibre) x Si, (base) with respect to the involution 0 = T ® T, where the improved
T-operator T” is defined by (R.23).

The position of a localized D-brane in the base direction will be denoted by yg, and
for a Neumann state the value of Wilson line in the base by gy. On the other hand, in
the fibre direction, it is convenient to express the open string modulus (position or Wilson
line) by a common angle variable 6 because the fibre circle is self-dual.

An obvious way of constructing a bulk brane is to act the T-fold operator 0 = T ®To,r
on a boundary state of Si x 521}2- For instance, if taking Dirichlet conditions in both fibre
and base directions, the desired boundary state will be

1+0

V2

The normalisation factor of 1/1/2 is for consistency with the Cardy conditions (note that
$(14+0)> =1+0). o acts on the base Dirichlet state as translation by 27 R,

1D(0)D(yo)) = ID(6))1™ @ |D(yo)) 35" (3.3)

o :|D(y0))3%° — [D(yo + 27 R))35° (3.4)
while it acts trivially on the Neumann state,
o [N (50))35° — IN(50))55°- (3.5)

The action of o on the fibre is slightly non-trivial due to phase ambiguity of the Fock vacua.

We choose the phase so that o acts on the fibre states as’

0+ [D())™¢ — |N(6))™, (3.6)

in accordance with the standard order 2 relation of T-duality (7")% = 1.
The bulk DD brane () is organised into a superposition of direct products of ordi-
nary Dirichlet/Neumann states,
1
V2

One may construct similar states by starting from the DN, ND, NN states and then

ID©O)D(0)) = —= (IDO) @ |D(yo)) 535" + V0D @ | Dlyo + 20 R)5E*) . (3.7)

projecting onto the invariant subspaces,

uwwmwigwww®mm%e
= = (ID@) + INO)™) o [N )i
IN(O)D(yo)) = 7N (0)) @ |D(yo))2e

(IN @5 @ Do) + DO 2 |D(yo + 27 R)35°)

"The relation (@) is not possible with the naive T-operation T, since T2 # 1 and the extra phase
cannot be absorbed into normalisation of the Fock vacua.

- 12 —



INON ) = L INO)E @ NG5
- % (IN@)§E + D)) @ |N (o) 55 (3.8)

It is obvious from the construction that these four states are actually not all distinct but
only two are:

IN(0)D(yo)) = |D(0)D(yo + 27 R)),  [N(O)N(4o)) = [D(0)N(4o))- (3.9)

It is straightforward to compute overlaps between these bulk brane states. Using the
notation of (B-3) we find (A0 =0 —0', Ayy = yo — ¥4, Abo = Go — o)

(D(0)D(yo)|e ™™ D(6") D)y =21 Mit; A0) Zap (it; Ayo)+ 27 ™N(it) Zap(it; Ayo+27R),

(3.10)

(DN (Go)le™ ™™ [ D(O)N (o)) ={ 21" (it; A0) + ZPN(it) } Z35" (it; Ago), (3.11)
and

(D(O)D(yo)le ™ |D(O")N (G)) = { 21" (it; A0) + 2PN (it)} 2PN (it). (3.12)

It is easy to check that each overlap represents a sum of Virasoro characters with non-
negative integer multiplicity in the open string sector, satisfying the Cardy conditions.

3.3 Fractional branes

One way of constructing fractional branes is to use the fact that the fibre CF'T of the T-fold
that we are considering is rational with respect to extended algebra A4 ~ A;/Z5 (in the no-
tation of [R9]; see appendix[B). Let us recall construction of Ishibashi states in rational con-
formal theory first. We assume the theory to be diagonal and look for boundary states that
conserve the whole chiral algebra. The conservation of the chiral symmetry on the bound-
ary is characterised by trivial gluing conditions of the generators on the boundary states,

(Wm - (—1)hww_m) IB) =0, (3.13)

where W,,, (W,,,) are the mode operators of the left (right) chiral algebra generators, and
hw is the spin of the W operator (hy = hyr). The conditions (B.13) include as a special
case the conformal invariance (Ishibashi) conditions,

(Lm - Z—m) |B) =0, (3.14)

meaning that the left and right stress tensors are analytic on the boundary, [T — Tsx = 0.
As the condition (B.I3) is linear any linear sum of |B) also satisfies this condition. A
standard choice of basis in the space of such states is the Ishibashi states

o) = |a; N) @ Ulas N), (3.15)
N
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Sector T-even (untwisted) | T-odd (twisted)
Conformal weight | 0 1 % % %

Ay primary b0 Qs P2, P06 | 1, 07 @3, @5

A /Zy primary I j ¢%, qﬁ% ol, o2 71 72

Table 1: Correspondence of the primary fields in A4 and Ay /Zo rational theories.

where « is the label for modules and N is the label for states within each module. The anti-
unitary operator U comes from time reflection. An Ishibashi state (B.17) intertwines the
left and right Hilbert spaces; as the chiral blocks are irreducible representations of the chiral
symmetry it follows from Schur’s lemma that the intertwiners must be trivial. We have seen
in section f that the T-fold with the self-dual fibre may be reformulated (using 7") so that
the state space factorises into the left and right sectors that are isomorphic to each other.
This allows us to use Ishibashi states of the form (B.15) to analyse D-branes of the T-fold.

The left part of the fibre is a compact chiral boson on S at radius 1/2. The theory
is rational with respect to the extended symmetry A4, with eight primary fields ¢y—o, . 7.
They are realised by vertex operators

o (z) = R XL (2)/2, (3.16)

The right part of the fibre is a Zy orbifold chiral boson at self-dual orbifold radius. It is
rational with respect to chiral algebra A;/Zs and has eight primaries: the identity I, the
current operator j, a pair of operators ¢% (i = 1,2) that are inherited from the parent
S CFT, and four twist operators ¢’ and 7. Basic features of these rational theories are
summarised in appendix [B. The two chiral boson theories of the left and right parts of the
fibre are equivalent, and there exists a one-to-one correspondence between the states. The
correspondence of the rational CFT primaries is summarised in table [l.

As being the same chiral CFT the correspondence is not limited to the level of rational
CF'T primaries but persists also at the level of the Virasoro primaries. It is convenient to
introduce an isomorphic map ¢ from a state of the A4 CFT to the corresponding state in
the A;1/Zy CFT. Using this map we may write, for example, ¢|pg) = |I). Eight Ishibashi
states corresponding to the eight rational primaries of the fibre of the T-fold are then,

o) = 16w N) @ [16p; V). (3.17)
N

Note that ¢ are the A4 primary labels, while t¢y, refer to A;/Zs primaries. The Cardy
boundary states are found in the usual way (see (B.13) below),

7
br)e =271 e ™ gy, (3.18)

(=0

using the fibre Ishibashi states defined above. These are linear sums of T-even states
|¢0,2,4,6)) and T-odd states |¢1357)). We have to choose Neumann condition on the base
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as it is invariant under the shift To,p : Y — Y + 27rR. With Wilson line g € S turned
on, the base Neumann state is

’N(go, a)>base _ 21/4\/E Z e~ twio R o— Sy %b,ml_),m‘(n =0, ,w)>baso7 (319)
we2Z+

where by, by, are the left and right mode operators of the base field Y, and o = 0 (1)
in the untwisted (twisted) sector. Fractional boundary states of the full T-fold theory is
found by combining the fibre with the base in such a way that the fibre is T-even (odd)
when the base winding number is even (odd). This is analogous to the construction of the
one-loop partition function. We thus find fractional brane states,

re ase [ ~ R
|pRPre NP2 (o)) = )

L~ ik oo b_ 77m
Z e—zwyoR— 4/“6—2111:1 2 ’(W»ﬁbro‘(o’w»baso (320)
we22Z
£=0,2,4,6

o~ imkf _ x~oo  b—_mb_
+ Z N twgo R— " e — T m|¢é>>ﬁbr0|(0,w)>baso

we2Z+1
¢=1,3,5,7

The fibre is characterized by the RCFT primary of (A4)" ® (A1/Z2)® and the label is
taken from the left part (¢). It is not quite correct to call the fibre part as Neumann
or Dirichlet; the Cardy states of the A;/Zs CFT (the right-moving sector) are identified
with 4 Dirichlet and 4 Neumann states at the orbifold fixed points, while those of the
Ay theory (the left-moving sector) may be identified as Neumann states with Wilson line
values at evenly spaced 8 points on the S', that is &y = 0, %77,71, e %77. Although there
is no naturally defined momentum or winding number in the twisted sector of the fibre,
it is clear from the construction that one may introduce ground states |[n,w]) with the
momentum n and the winding w inherited from the left-moving A4 CFT. Introducing also
mode operators a,, (m € Z) in the right-moving sector that correspond to a,, in the left-

[,

moving sector, one may identify the Cardy states (B.I§) with ‘Neumann’ states having

Wilson line g = %’r,

‘¢k>(} = 2_% Z e_ iﬂZ}k e_ Zfr?:l %117111(71/,,71’[07 w]>ﬁbre. (321)
wEZL

In this notation the Ishibashi states may be written as,

[pe)) = e Zm=1 m =@ 37 [0, 0 4 Suw])fibre, (3.22)

wWEZ
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Inserting (B.29) into (B.20) one may rewrite the fractional states as

e ) (323)
_ g Z e—iwzjoR—#e— gt %(afma/,,,n"rbfml;fm)z |[0’ 0+ 8w/]>ﬁbre|(0’ w)>base
we27, w'€Z
=0,2,4,6

+Z e—iwgoR—#e— Dy %(a,m&Lm+b,7,Ll_),m)Z ‘[07 0+ 8’[1)/]>ﬁbr0‘(0, w)>baso
we2Z+1 w!'€ZL
£=1,3,5,7
Recalling that k is related to the value of the Wilson line of the A4 theory by %k‘w =T9g=0
one may write the fractional states parametrised by 6 and gg:

Fi0,00) =[5 3 e il B flentltbonbon] [0, 4) 77| 0, ).

w,lEZ
w—LE2Z

(3.24)
Here the parameter § may be regarded continuous, reflecting unbroken U(1) symmetry of
the moduli. It is periodic and we take its range as 0 < 0 < 4.

Instead of the somewhat cluttered bottom up approach described above one may for-
mulate the fractional states by focusing on the underlying SU(2); symmetry of the fibre. An
advantage of this method is that it is easier to evaluate cylinder amplitudes with the bulk
branes. We start with recalling that the T-duality operator T (R.24]) acts as asymmetric
rotations on the fibre

T// — (e’hrJ37 eiﬂj&) , (325)

with J% and J® the left and right SU(2); currents. It is convenient to introduce an auto-
morphism ~ of SU(2);, defined by

kJ'UeTE =03, kIPkTP=J2, wPkTi=—JY, kJ%T=JO (3.26)

The point is that x interpolates between the standard reflection orbifold and the orbifold
generated by T”. Indeed, the reflection of the fibre R : X = (X, Xr) — —X may be
written

R = (ai”Jé,ei”fé) , (3.27)

and hence
KR =T". (3.28)

Note that for the untwisted Hilbert space ( i.e. the integrable reps. of SU(2);), we may
explicitly write

STo72 STo72
k=e3h  xTl=¢"200 (3.29)
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In the twisted sector x cannot be written as (B.29) since J2 does not have zero-mode on
HR or HT". It is nevertheless clear® that x may be extended to isomorphism between the
R-twisted Hilbert space H® and the T”-twisted Hilbert space HL",

kot HR = HT (3.30)

We wish to find boundary conditions that are invariant under operation of 0 = T” ® Tar .
Along the base circle we have to choose as before Neumann conditions as they are
invariant under the shift, 7,|N;go)er = |N;%0)2r. On the fibre desired boundary states
are obtained from the usual reflection orbifold by using the interpolation x. There is a
one-parameter (Wilson line) family of fractional branes in the reflection orbifold:?

2i0J}
V2

which is obviously reflection invariant, R|F;0)® = |F;0)®. The Neumann boundary state
in the R-twisted sector | N is characterized by

IF;0)R = &

(IN) 1+ [N)T) (3.31)

(Jo + JL)IN)T =0, (ne€Z),
_ 1
(Jo+ J%)NE =0, <r€§+Z, a:2,3>,

c . @ y + @_ .
'{\’I<N‘e—7rSH( )627rzzJ6’N>'{\’, — 1/271(Z|Z8) ‘ 1/271(Z|Z8)
V21 (is)

= S (et E) . (k= 1/s) (3.32)

n(it) <=

Fractional branes of the T"-orbifold are obtained from (B.31)) using &,
2i0J} 2i0J3
V2 V2

Fractional brane states of the T-fold model associated with the combined operation
o =T" ® Tarr then read

e e

|F;0)"" = K| F;0)R = &

(IN)1 + |N)F) =

k(IN)1+[N)T). (3.33)

N 1 - 073 1 5 . 73
|50, 50) = E|N(ZIO)>2R ® ¥ K| N); + ELN(Z/O»%R ® XRIN)E,  (3.34)

which represents the same states as those found earlier (B.24). These states are invariant un-
der the orbifold projection, %(1 +0)|F;0,790) = |F;6,70). The Neumann states of the base

8Recall the discussion based on the rational CFT primaries. One may identify & as

k=001 1 (A)Z)" @ (A)Z2)" = AF © (AL/Z2)".

“These are periodic in @ with periodicity 4w, |F;0 +4m)® = |F;0)®. Note that |F;0 +2n)% =
7l
e?®0 (INYy — |N)F)/v/2. They represent Neumann condition when # = nm and Dirichlet condition when
0=%+nt (n=0,...,3).
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circle in the twisted sector | N (50))25 = [N (o, a = 1))P*° (see (B-19)) are characterized by
(with the same normalisation as \N (%0))2r = | N (o, @ = 0))P3¢ in the untwisted sector)

~ —msH(©) ~ —27s 5 w L, w2 Ui
Ta(N (o)l ™H \N(ya»;iz: 2rsi{2R(wt3)} gmi2f(wt3)(Ad0)

wEZ
Ayo

- Z(—l)”e_zﬂt<2R+ =) (3.35)

(it) neZ

—_

3

Let us evaluate the overlaps involving the fractional states. We first consider the over-
laps with the bulk brane states. Clearly, only the untwisted sector contributes to the ampli-
tudes, and we may simply replace x with €373, We can then utilize the SU(2); technique
demonstrated in appendix . Making use of (D.4) we find (A0 =0 — ', Ajo = jo — ),

<D(9)D(y0)| —7rsH(°)|F 9/ ~/> ZDN ’Lt 77 Ze—2nt{n+2 AQ}

c ~ — 4T\ NT5-Q ?
(D(@)N(go)‘ —msH( )’F / /> Z2R (zt Ap) n(it) Ze 2rt{n+z-a(A0)} , (336)

where we introduced the notation

a(z) = cos™t (f’;;) . (3.37)

In computing the overlaps between the fractional branes one can evaluate the untwisted

and twisted pieces separately. In the untwisted sector we find,

LgNN (it A ZNN (it: AG), (3.38)

-~ — (c) -
<F;9,y0|6 msH |F7 0/ ,> |untw1sted - 2

and in the twisted sector,

N2
pymng = (35 5) 0 42)'

) .
<F;97y0|€ sH |F 9/ />|tW1sted Zt PYNZNYV) Z
m,ne”L
(3.39)
The total fractional-fractional overlap is then,
c 1 —2mt ( +Ay°) +(n+M)2}
F:0 —nsH(©) F 9/ I\ [ 2R 2n o) | 3.40
(it gole ™ B0 ) = oy D e (3.40)
m,ne”
m—ng2Z

The amplitudes (B.36) and (B-40) display g-expansions (¢ = e~?™) with non-negative inte-
ger multiplicities in the open string channel, and hence the Cardy conditions are satisfied.
When the boundary conditions on the two boundaries are same the amplitude (B.4() con-
tains the Virasoro vacuum character with multiplicity one, indicating that the boundary
states (B.34) represent elementary fractional branes.
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3.4 Some comments on the branes

We conclude this section with comments on the D-branes we have found.

1. The bulk branes allow obvious geometrical interpretations. The branes localized on
the base circle (Dirichlet b.c. along the base) are interpretable as an alternating array
of DO and D1 branes along the fiber if lifted up to the universal cover of the base
circle. Also, a brane wrapped on the base (Neumann b.c. along the base) is nothing
but a superposition of DO and D1 branes along the fiber which are T-dual to each
other. These branes should be consistent with those given by the classical analysis
based on the doubled torus approach [[. This is obvious for the branes localized
on base. It is also inferred by arguments in [[7 that the consistent branes wrapped
on the base must have even winding numbers. This in fact agrees with our analysis
as the bulk boundary states with Neumann b.c. along the base (the DN and NN
states in (@)) are identified with branes wrapped twice on the base; those wrapped
only once cannot exist consistently as a geometric object in the doubled torus.

2. The fractional branes on the other hand are more curious as they do not have a
simple geometrical interpretation. One can for example read from the cylinder am-
plitudes (B.3d) that the lightest mass of an open string between a fractional and a
bulk brane is a non-linear function of the moduli of the branes (location or Wilson line

1 ( cosz
V2

)}, with z the modulus. This feature appears to be
rather exotic compared to the standard D-brane dynamics on geometric backgrounds.

along the fiber), [cos_
We point out that the physics of T-fold may be distinguished by this characteristic
feature from a geometric background (i.e. a non-linear o-model), even at energy scales
much lower than the string scale. This is due to the non-linear behavior mentioned
above already appearing in the no-winding sector of the base circle. On the other
hand, if looking at the closed string sector, non-geometric properties of T-fold origi-
nate only from strings wound (odd times) around the base circle, which are expected
to decouple from the low energy physics. For this reason D-brane dynamics would
be important in investigating physics of T-folds.

Let us be more specific about what we actually mean by ‘geometric’ or ‘non-
geometric.” We classify the boundary conditions defining D-branes into two classes:

(i) ‘geometric branes,” corresponding to linear gluing conditions with respect to the
o-model coordinates X, Y, and

(ii) ‘non-geometric branes,” defined by non-linear gluing conditions.'?

Geometric branes in this sense have obvious interpretations in terms of non-linear

o-models with boundaries, whereas non-geometric branes are not. Geometric branes

197f one instead describes the X-sector by the SU(2)-WZW model at level 1, all the boundary conditions
considered here are linearly realized in terms of the SU(2)-current algebra. Note, however, the SU(2)-WZW
model is quite different from a non-linear o-model which has the central charge equal to the dimensionality
of the target space.
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are of primary importance as objects in the classical geometry defined in the particle
theory limit. The bulk branes considered above are actually geometric in this sense.
On the other hand, in the reflection orbifold Sk_, /Za = (A1 /Z2)" @ (A1/Zs)", the
fractional brane (B.3]) has one modulus parameter 6, and there exist eight geometric
points corresponding to linear boundary conditions in the moduli space: 0 = nxw
(Neumann), § = % + nm (Dirichlet) with n = 0,1,2,3 (see also appendix B.) In
contrast, our fractional branes in the T-fold are entirely non-geometric since the
boundary condition is always non-linear in the moduli space.

We emphasise that, if comparing the T-fold with the symmetric orbifold (reflection
orbifold), the spectra of Cardy states with respect to Virasoro algebra should be
identical, since the torus partition functions coincide and thus they have isomorphic
Hilbert spaces of closed string states. What we address here is that they neverthe-
less have inequivalent spectra of geometric branes. The geometric bulk branes in the
T-fold we constructed above are mapped by the isomorphism to some non-geometric
branes in the reflection orbifold, and vice versa. Moreover, as is obvious from our con-
struction, the fractional branes in the T-fold are mapped to those in the reflection
orbifold by the isomorphism; the latter are well-defined geometrical objects local-
ized at the fixed points of the orbifold (and their marginal boundary deformations),
whereas the former are entirely non-geometric, as addressed above.

It is not clear to us at the moment how the fractional branes may be understood in
the framework of the doubled torus. This is obviously an interesting issue. It might
be of some help to consider the model as a special case of the SU(2) WZW model
(see section 5).

. An important set of information encoded in the boundary states is the ground state
degeneracy (Affleck-Ludwig g-factor) [B7]. It is defined as the overlap of a boundary
state with the M6bius -invariant untwisted closed string vacuum,

g = {(n=0,w =0)|B), (3.41)

where the phase convention of the states are chosen so that gg > 0. The g-factor
is a conformal fixed point value of the g-function that decreases along boundary
renormalisation group flows (analogous to the celebrated c-theorem in the bulk). For
c=1 CFT on S! of radius R, the g-factors of the Dirichlet and Neumann states are

VR

90(R) = S an(R) = 37 (342)

When CFT under study appears as an internal space of string compactification (such
as in our case), the g-factor measures the mass (or stability) of the brane [B§]. The
rationale behind this is that the mass of a brane is actually measured by its interaction
with gravitons. The scattering amplitude is computed from the two-point function of
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graviton vertices on the disk topology, which reduces through bulk operator product
expansions to (a sum of) one point functions on the disk,

A" = (kp, kgld}a¥|B), pv=0,...,D—1 (3.43)

(D is the spacetime dimensions). Its symmetric traceless part yields the metric,
the antisymmetric traceless part the Kalb-Ramond 2-form field, and the trace part
the dilaton upon Fourier transformation [BJ]. The A*¥ factorises into a noncom-
pact spacetime part and a compact internal part. From the noncompact spacetime
viewpoint the g-factor from the internal CFT appears universally as a coefficient of
the graviton amplitude and contributes to the coupling strength of the graviton to
the brane. The g-factor of D-branes in the T-fold is immediately read off from the
boundary states. They are

DﬁbreDbase Dﬁbrerulk

P (R):ﬁ—y g2i N (R) = VAR, (3.44)

gfrac(R) = \/g (345)

for the fractional states. As ggﬂ L Gtrac < gﬁfl\lf( when R > 1 and gpae < ggljl\lf( <
g@ﬂ when R < 1, we find from the above reasoning that the bulk branes with the

for the bulk brane states and

Dirichlet base are most stable in the former case, whereas in the latter the fractional
branes are most stable.

. Tt is also easy to construct boundary states in the T-dualized T-fold (R.33). All we
have to do is to exchange the Neumann and Dirichlet boundary states in the base
part in (B.3), (B-§), (B:34) etc. Especially, only the Dirichlet b.c. along the base
direction is possible for the fractional branes, since the ‘double cover’ operator ’3:2” 1
leaves the Dirichlet b.c. invariant, while for the Neumann b.c. it does not.

4. World-sheet fermions

Our discussion so far has been limited to the bosonic theory. We now consider a simple

N =1 extension of the S! over S' T-fold that we have discussed in the previous sections.

In addition to the fibre and base bosons X and Y, we introduce the fibre and base fermions
which we shall denote X and Y. Under the usual T-duality the fibre fields undergo
transformations,

(XLaXR) - (XL7 _XR)v (¢§7¢})§) - (T/Ji(, _¢})§) . (41)

As it turns out, construction of a modular invariant partition function (while keeping the

natural order 2 orbifold structure) is not entirely automatic. Below we describe a model

of N'=1 T-fold that is an asymmetric orbifold of order 2; this is based on an observation
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that at a special radius of the fibre there exists a global SU(2) symmetry which is similar
to the one we encountered in the bosonic case.
We choose the fibre radius to be the free fermion radius R = v/2 (the SO(2)-point).
This allows one to fermionise the fibre boson X = X + Xg according to the rule
1
V2

and likewise for the right mover. Identifying the fermionic component as

(v} +ip}) = eFiXLV2, (4.2)

Ui =47, (4.3)

the fibre is represented by a system of three fermions, which is known to possess an
SO(3);1 = SU(2)2 current algebra symmetry. Indeed, the affine SU(2) currents at level
2 are explicitly constructed as

JO = —ieyhyg, T = —ie YR, (4.4)

where €%¢ being totally antisymmetric and ' = +1.
We start with the diagonal spin structures and make an orbifolding

Sis/ {7;%@(—1)%5}, (4.5)

where F g is the space-time fermion number associated with the left mover. Modding out
by TQW% ® (—1)FLS makes the NS-NS (R-R) sector to have even (odd) KK momenta. After
incorporating suitable twisted sectors, this aligns the spin structures of the three fermions.
We then obtain the diagonal modular invariant of SU(2); WZW:!!

3

) . (4.6)

_ 2 2 1 (|6s(r
zr= Y 0| =3 ( )
As in the bosonic case, we define the T-fold as an orbifold generated by a group of order

3 93(7_) 3
n(7) "

n(7)

04(7)
n(7)

_|_

¢=0,1,2

2, namely the half-shift of the base combined with improved T-duality transformation:

T X — XLH\@, Xp— —Xg, ¥ >V, YR — YR, (47)
which acts on the SU(2)y currents as
(JYL T2 T3 = (=T =02 03, (JYL TR T3 — (JY =T, =P, (4.8)
The transformation ({.7) is again identified with asymmetric chiral rotation

" — <ei7rJg’ emJg) ‘ (4.9)

" The orbifolding (@) is quite similar to the Scherk-Schwarz compactification @] (or the thermal su-
perstring theory @]) In fact, the SU(2)2 theory is useful in working with the thermal circle with inverse
temperature 8 = 27/2k (k € Z>0) in the RNS superstring, as discussed e.g. in [@]
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It is then straightforward to proceed as in the bosonic case to find the closed and open
string spectra. Instead of investigating this particular model, we shall in the next section
explore a more general class of T-fold models with SU(2) fibre at arbitrary level, which
includes the N' = 1 T-fold as a special case at level 2.

Finally, we remark on application of the N' =1 T-fold to models of superstring vacua.
For such purposes we need to generalise the fibre of the T-fold to a torus of even dimensions
so that the chirality of the space-time fermions is unchanged under the T-duality action.
A complication is that we need to carefully take account of the spin structures of the
world-sheet fermions and the GSO condition, leading us to consider truly asymmetric
modular invariants. This is certainly a very interesting subject and related work appeared
in [[[§, [[9, [[d]. We hope to report on progresses in a separate publication.

5. Extension to SU(2) fibre

In the above examples the SU(2) structure was essential for obtaining the modular invariant
one-loop partition functions and also for the existence of consistent boundary states. As
the bosonic and N' = 1 supersymmetric T-folds correspond to SU(2);, fibre with k = 1 and
k = 2, it is natural to extend them to SU(2); fibre of arbitrary level k. In this section we
discuss such an extension.

5.1 SU(2), WZW T-fold

The T-fold we shall consider consists of the fibre of SU(2), WZW model and the base
which is a circle of radius R. This is formulated as an orbifold

[SU(2)k x S35 /22, (5.1)

with the Zs orbifold action o = (e”‘]g , ™o )®72-r. We shall be interested in the case where
the fibre SU(2), CFT is diagonal. As before, 7o, is the translation along the covering space
of the base circle Toxgr : Y — Y +27R, and the SU(2), currents are J* and J¢, with a =
1,2,3. Twisting by ™5 or ¢™ generates a Zo-orbifold of the chiral WZW model. The
one-loop partition function of the T-fold is obtained from those of the Zo WZW orbifolds
and the base part, suitably combined in accordance with the T-invariant projection:

k

_fo — 1 ase = k k
2V TN ) = O T ZEHET) D X (X (7) - (5.2)
a,B€L2 £=0

The definition and related formulas of the twisted SU(2) characters ng[zx ﬁ}(T) are

summarized in appendix [J. The modular invariant is again left-right symmetric, because
the e/™/ -twist (on the left-mover) and the ™o _twist (the right-mover) result in the same

(k)
g? [CV’B} ’
To clarify the modular properties of the partition function (5.9) it is more convenient

to use another notation of twisted characters )’Zék()a ) (1), defined in (C.9). These differ from

character functions y
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k
SU(2) T-fold _ baso ~(k) (k)
Z8V@) Tl (7 7y = Z ZE5m7) D Ry (Do ega,2) ()
7/6622 =0
: (k)
= Z ZR,(w,m) (T, T) Z? t.(wy2.m/2) (TXe (wy2my2) (T) s (5:3)
w,meZ =

where Zp () (7, 7) is defined in (£.29). This is manifestly modular invariant, since each
piece behaves covariantly under modular transformations.

We incidentally remark that if merely the modular invariance is concerned, another
(entirely asymmetric) modular invariant is possible:

k -
> Zrgwm (17) DX (DR 22y (7) - (5.4)
=0

w,mEeZ

Since this is generated by an asymmetric action 7o g ® (l,e”j(%) that does not contain

™3 twist on the fibre, it may be regarded as a T-fold with the original definition of T-
duality (T, without the X-translation nor the phase shift e""®). While modular invariant
by construction, whether this model has any relevance as a physically acceptable string
vacuum is not immediately clear to us. There is level mismatch in the twisted sectors in
general, and the model is not an orbifold of order 2. The order of the orbifold group is
N = L.CM{N',2}, where N’ is the smallest positive integer such that 627”% =1 In
the level k = 1 case (a bosonic T-fold of S!-fiber), for instance, this construction gives rise
to an asymmetric modular invariant of an order 16 orbifold. Similarly, k¥ = 2 (an N/ =1
T-fold of S'-fiber) leads to an order 8 asymmetric orbifold. In those cases, unfortunately,
there arises a problem of locality of vertex operators. Below in this section we shall focus

on the model given by (f.9).

5.2 Bulk branes in the SU(2) T-fold

Let us consider SU(2), generalisation of the bulk branes discussed in section B.2. We shall
first focus on the familiar Cardy states [ig] defined by (L = 0,1,...,k)

‘s
L= = 10, (5.5)

where Sg?, =,/ ki2 sin ( %) is the modular S-matrix of SU(2), and the Ishibashi

states [BA] |¢)) are characterized by

o+ T =0,  ("n, Ya), (5.6)
<<€‘€_WSHC€2MZJ8 |0)) = 55741)(2]6)(2\2'3). (5.7)
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In this expression Xe (z\zs) is the SU(2)}, character of spin ¢/2 (C.1)), and H¢ = Lo+ Lo— %
is the closed string Hamiltonian. It is well-known that these ‘maximally symmetric’ bound—
ary states |L) describe D-branes wrapped on the conjugacy classes of SU(2), interpreted
as (k — 1) spherical D2 branes (for L = 1,...,k — 1)'? and two DO particles at the poles of
S3 (L =0,k) 4.

We also introduce ‘T-dualized’ boundary states associated to T” = (&5, ¢i™/o)

)

- LI .
Lo =T"L)e =) —==10): (5.8)
[0) = T"10)) = ™8 |g)). (5.9)
which satisfy
(=) [De=0, (JF=J5)[L)e=0 (5.10)

(note that eim i e=in Iy = e”Jg).
Using the overlaps (.]) and the Verlinde formula

SioeStae o
Ts(k = Z NL1 Lo Lév (511)
0.4

where N ]%17 1, denotes the fusion coefficients of SU(2), it is easy to evaluate the cylinder
amplitudes as

k
rsHE T _asHCTTY k) /s Li,Lo -
AL e ™ | Lo} = o(Tale ™ [T} = S N 0lit) = ZEk: ().
L=0

—msHE[T - L L .
(Lale ™ L) o = o(Lrle™H | La) . = Z NE, 2o X g (Olit) = ZE55 52 (it) . (5.12)
L=0

Here t = 1/s is the open string modulus of the cylinder. X]z [1,0] (it) are the twisted SU(2)
characters given in (C.J)).
Now, the bulk branes are constructed similarly to (B.3), (B-§),

1L, Dyo)) = %(1 +0)| L) ® [D(wn))on

= == (1)o@ ID0))sr + [Dhe ® D0 +27R)) . (6513)
LN (o)) = %mo—)m © [V (50) o

= == (1Llo + Dic) @ 1N Go)zn (5.14)

12A Dp-brane in our context is a p-dimensional object spreading in p spatial dimensions (not in (p+ 1)
spacetime dimensions).
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where 0 =T" ® Torr. The overlaps between the bulk branes are computed as

(L, Dlyo)le ™ |1, D)) = Zhy (i) Z8P (it Ayo) + ZLE, (i) ZBP (it: Ayo + 27 R),

SU(2 SU(2)
(L, N(Go)le ™™ |1 N () = (2850, it) + 23y, i0)) 235" (it; Ago),
(L, D(yo)le™™ L' N(50)) = (2857, (1) + 2t (i) 2PV at). (5.15)

Again these have obvious geometrical interpretation on the universal cover of the base S?.

This construction may be generalised to include marginal boundary deformation by an
arbitrary SU(2)-rotation on the fibre. Such deformation is taken into account by replacing
the Cardy states |L). along the SU(2)-fiber with the deformed Cardy states,

|L,w)o = R(w)|L)¢ (= Rw™H|L)) . (5.16)
where the rotations are defined by

R(w) = exp Z 0, J5, R(w) = exp Z i, J¢, (5.17)

with Yw = exp Y, i0,% € SU(2) (o, are the Pauli matrices). This type of boundary states
is characterized by twisted gluing conditions:

(Jg n Ad(w)bajin) ILw)e=0. (Ya, n). (5.18)
Then the bulk branes are,
u 1
|(L,w), D(yo))™™* = ZUFNLw)e ® D0)ap,  ote. (5.19)

and the overlaps are calculable by means of the diagonalization technique described in
appendix [0 We find, for instance,

(L.w), Dlyo)le™™ " \(L ), D(w)) = Zy (it € ™) ZEPit; Ago)

+ZER (z‘t;§ (we%osw’—le—%”m)) ZPD(it; Ayo + 27R),

u(
(5.20)
where
ZEuLe (it o) = NTNE W (itzfit) e 2 5.21
Lok (it2) = YONE P Gitfit) e F1, (5.21)
L
and £(w) € [0,1] (w € SU(2)) is defined by diagonalization
U @S =1 =, with some U € SU(2). (5.22)
In the particular case of w = €73, W' = €73 we obtain
((L,0), D(yo)le™™"|(L',0"), D(yp)) (5.23)

’ . 0—0 . =~ ! . .
= ZSLfJL(z)k (zt; T) zhP (it; Ay0)+ZSL(’JL(2)k(zt)Z2DRD(zt; Ayo + 27R).

Other overlaps are evaluated in the same way.
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5.3 Fractional branes in the SU(2) T-fold

The fractional branes (B.34) may also be generalised to SU(2); fibre at arbitrary level.
Their boundary states are found to be

- 1 i 3 - 1 i 3 -
|F; (L, 0),50,m = £1) = ﬁez “ok|L)c® ‘N(y0)>2R+77%62 kI L)E @ N (§o))3g. (5.24)

Here, & is the same automorphism (B.26) as before but now for SU(2). |L) are the SU(2);
Cardy states (p.§) and |L>7(§ are their twisted counterparts, defined explicitly as

R= f: " 22 (5.25)
(=0 m 7 '
(JL+ L))" =0, ("nez),
(J&+ TN =0, <VT€%+Z, a:2,3>,
R((e] e 2mi=s |V = 6y px() g (2lis)- (5.26)

The necessity of the slightly non-trivial phase factor e'z% will be clarified below. The states
in the base part |N(7))yp, |N(J )>2 p are exactly same as before. The construction and
analysis of the fractional states heavily rely on various properties of the Zo-twisted SU(2)

characters Xék[)a 4] (2|7) (o, B € Zs3). See appendix [J for their definitions and properties. The

periodicity of the continuous marginal deformation parameter 6 is summarized as follows:

(i) k: even
The periodicity of 6 is 27:

’Fﬂ (L70+27T)7g0777> = ’Fv (L79)7g0777>7 (527)
and we must treat |F’; (L, 0), 3o, +) and |F; (L, 0), g, —) independently. We also note

’F; (L70 + 77)7?;0777> = |F7 (k - L=9)7§07 (_1)L77> (528)

(ii) k: odd
The periodicity of 6 is 4m:

|F; (L70+47T)7g0777> = |F7 (L79)7g0777>7 (529)
and |F; (L, 0), 90, +) and |F'; (L, 0), o, —) are related as
’Fv (L79+27T)7g0777> = ‘Fv (L79)7?307—77>- (530)

We again obtain the same relation as (p.2§) when shifting § — 6 + 7.
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Computation of the cylinder amplitudes is carried out in the same way as in the S'-fiber
T-fold. With the help of modular transformation formulas of the twisted characters ([C.14),
we find

(F;(L1,0), G0, nle” ™" \F' L2,0’> o'y (5.31)
1 —27rt +200 _kt
- W Z e 2R 27T Z:‘Z\TL1 L2 <t—”lt> e ZTF(AG)
ne27
my’ —2mt %+Az§io NL —Lo+L) (k) A ¢ e Bt (a0)?
) 2« Z Ly,L2® X oy (@1t 7220,
ne27+1
~ —nsH(©) -
((L1,0), N(go)|e ™" |F; (L2, 0'), 56,1 (5.32)
AB
= 23t o) 30, (25 i) et
T ’ e
—nsH(©) ~
((L1,0), D(yo)|e ™| F; (L2, 0), 5,0 ) (5.33)

) k ; a(AH) . _ Kkt 2
= ZDN(“)EL:NLLLLQX(L) <th\zt ¢~ Bral(80)?

1 ( cosf

where a(f) = cos™ ( 7 ) AO =0 — 60 and Agy = §o — 7, as before. We would like to
conclude this section with several comments on these branes.

1. A non-trivial point is the inclusion of the phase factor ¢’2” in (F.24). This fac-
tor is indeed necessary for an appropriate Zs-projection in the open string channel.
Without this factor, the open channel amplitude would be twisted by ™8 which
is not involutive: (e”‘]g)2 — 2milg # 1. See also appendix [J. We also note that
etz(l—L2FL) — 41 because Ly — Ly + L € 27Z when NLLLL2 # 0. Therefore, (5.31)
is correctly Zo-projected and the Cardy condition is satisfied among the boundary
states we defined.

2. An alternative way to construct the boundary states of the fractional branes is to
focus on the primary states of the orbifold SU(2)y/Zs. To this aim it is helpful to
recall the level 1 case which was elaborated in section B.3 We have 8 primary states
corresponding to irreducible characters

(1) = = (Xt o/ (™) + Xy (7).

(Xé [)1 0]( ) Xé}[)171} (T))7 (5.34)

q =

93 .
—~
\]
~—
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Sector Untwisted Twisted
Conformal weight 0 1 1 = 2
A /Zy primary I J o ot Tt
L 0 0 1 0,1 0,1
S [0]7+ [0]7_ [0]7:]: [1]7+ [1]7_

Table 2: Primary fields in SU(2);/Zs.

where i = 1,2, £ = 0,1 and the notations are as in section B.d (see also appendix
and [0). These characters are organized into a collective form,

@ 1
0 = 5 (g () = Xy (1) - (5:35)

Here, o = 0,1 and Xé’l[)(w} (1) = Xgl)(T). We write them as xj(7), with s = (0], +),
([0],=), ([1],4), ([1],—) in this order. The correspondence to the A;/Zy labels is
as shown in table fl. This rational CFT is generalised to SU(2)y/Zs with arbitrary
k [5, B5. A natural generalisation of the character formulas is

£, _ 17 & (k)
W) = 5 (o £ X @) - (5.36)

with now £ = 0,1,...,k. Note that the diagonal sum }_, |X‘Z(7')|2 of the 4(k + 1)
characters (p.30) gives the fibre part of the partition function (.2). Modular inversion
of these characters are

(~1/7) =S shm xi ), (5.37)

e,s!
with
1 1 é ei%ﬁ
igl iTe
ey 1 1 1 —e' —ei
MS,S’ — 5 eigzl e ;rgl egl(é—"_él k) _e%(é'i_él %) . (538)
eigel —e Tzrél 67;2 (Z'M,_%) e%i(“'e,_%)

It is easy to check the unitarity of the modular matrix. We can now construct
the 4(k + 1) Cardy states based on the modular data (p.3§) following the standard
procedure of boundary RCFT, yielding the fractional boundary states as in section B.3
(with the help of the automorphism ). It is not difficult to see the 4(k + 1) Cardy
states found this way coincide (up to phase factors) with |F’; (L, 0), 9o, £) with values
of the parameter 6 suitably chosen; we find correspondence

k
L:O,l,...,[—], H:E, (n=0,1,...,3), n==1, (for even k),

2 2
L:0,1,...,[§], 9:”7”, (n=0,1,...,7), n=+1, (for odd k).(5.39)
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(Only half of the L-values are independent. Recall (5.29).) The factor 2 in (5.29)
is again essential in this correspondence. One can also easily check that the results
in section are reproduced in the case of k = 1.

3. In the SU(2) WZW there are also B-branes [[i§] that preserve only a part of the
SU(2) symmetry on the boundary and are interpreted geometrically as D3-branes
or (blown-up) D1-branes, not corresponding to any conjugacy classes. In our SU(2)
T-fold model it seems possible to construct bulk boundary states out of such B-
type SU(2) boundary states, although we have not developed them in full detail.
Exploration of such branes and investigation of completeness of D-branes (in the
sense of []]) are certainly intriguing problems and we hope to come back in our
future work.

4. Finally, we would like to mention the model described by the asymmetric modular
invariant (§.4). As already pointed out this orbifold is somewhat pathological and
it may not serve as a sensible model of string background. Nevertheless the model
is legitimate as a field theory and it is an interesting problem to look into the
spectrum of D-branes. The construction of bulk branes is essentially same as those
discussed above; the corresponding boundary states are obtained by adding images
of the orbifold action (which is not involutive in this case). In contrast, fractional
branes are absent in this orbifold since the conformal invariance on the boundary
is broken in the twisted sectors (due to the level mismatch). In similar but less
simple examples of asymmetric orbifolds (associated with tori of higher dimensions),
fractional-type branes are often possible due to cancellation of the level-mismatch,
as observed in [[L§, [9].
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A. Notations and conventions

We first summarize our convention of theta functions. We let ¢ = €*™7, y = ¢?™* and define

~ m 2 m
Omn(zlr) =Y ¢ (bt 52)° yr(kt5) @mm(zh):Z(_l)kq"(Hﬁ) gk +3n) (A1)

kEZ keZ

) =¢" [ —q™), (A.2)
n=1

o
b1(2l7) = =iy (-1)" yrrig(md)” = = 2sin(rz)q" [Ta-ama -y -y g™,
nez m=1
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o0
Z‘T Zyn-‘rzqz n-‘,— 2COS 7TZ q% H 1_q 1_|_qu)(1_'_y—lqm)7
neL m=1

o0
O3(21m) = Y 2™ = T (01— ™)@+ yg™ 2) (1 +y g™ 2),
m=1

nez
Oa(2lm) = Y (1" = T (- g™ —yg™ 2) (1 —y 1" 2), (A.3)
nez m=1

and we abbreviate as O, (7) = Opma(0[7), Omn(r) = O (0|7), 0i(r) = 6;(0]7),
i = 2,3,4. The second equality in the third line of (JA.3) is known as the ‘Jacobi’s triple
product identity’.

The following identities are useful and repeatedly used in this paper:

2(r) _ Oou(r) _ 1
O2(r)  n(r) — n(7)

n(r)  Oipalr) 1
) 0 =) (©14(7) + ©_34(7)),

)
n(r)  Opalr) 1
O3(r)  n(r) n(r)

These are easily proved by using the Jacobi’s triple product identity as well as the Euler

(©0,4(1) = O4,4(7)) ,

(©1,4(1) —©_34(7)) . (A.4)

identity:
20(7)? = Oo(7)05(7)04(7) < H (1+¢M(1—¢* 1= 1) . (A.5)

B. Rational conformal models at ¢ =1

Below we collect known facts about ¢ = 1 bosonic CFT which are instrumental in our
T-fold analysis. When the compactification radius is R = \/W (p,p’ are coprime positive
integers) the bosonic system on S' or S'/Zy exhibits an extended symmetry with respect
to which the theory becomes rational. These symmetries are denoted Ay (circle) or Ay /Zo
(Zy-orbifold) in [R9]. When p = 1 or p’ = 1 the boundary states may be found by applying
the Cardy’s method [£J] as the rational CFT becomes diagonal.

B.1 Rational Gaussian models

The torus partition function of a boson ¢(z, Z) compactified on an S! at radius R is

cire R 1 7R wr + m|?
s - 5 o {2l 0l

Tur (0P 2, fmr
" (1)|2 S qili ) gitahor, (B.1)
k,leZ
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When the radius takes specific discrete values
r=/2 (B.2)

there appears an extended algebra Ap generated by operators of anomalous dimensions
h=1,N,N,
j=idp, VE=eE2iVNe (B.3)

where
N =pp' (B.4)

(so p «» p’ gives the same chiral algebra, as it should). At N = 1 the A; is simply SU(2)
at level 1. There are 2N primary operators

o =e®/VN 01, 2N —1, (B.5)
whose conformal dimensions are
. [ kK* (2N —k)?

hk = min <m, T) . (B6)

Corresponding character functions are

O n(7) 1 (k+2mN)2/AN
Xi(T) = — = g : (B.7)
n(r) () mZE:Z

The partition function is written using the character functions as,

2N—-1
2 = 3 B8)

Here, wy is defined as
wo = pro+p'sp (mod 2N), (B.9)

using two integers g, s satisfying prg — p’sp = 1 (mod 2N). Such a pair (Bezout pair)
(ro,80) is shown to be unique if restricted to region 1 <79 < p' —1,1< sy < p—1 and
p'so < pro. The theory is diagonal when p =1 or p’ = 1.

The modular inversion of the Ay characters is

2N-—1 2N-—1
(-1/7) = Z Skexe(T \/— > e TNy (7). (B.10)
=0
and the fusion rules are found by the Verlinde formula,
¢ x ¢; =Y Nfiop, Nf=0isjn (B.11)
k

This simply reflects the conservation of the U(1) charge. The Ay Ishibashi states |¢,)) are
characterised by orthonormal overlaps

(rlgz o+ gy = Spoxi (7). (B.12)
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When p =1 or p’ =1 there are 2N Cardy states that preserve the Ay chiral symmetry,

2N—-1 2N—-1

[Pr)c = Z mkﬁé \/— % e RN | gy, (B.13)

where Sy is the modular inversion matrix. In these cases the Cardy states are the Fourier
transform of the Ishibashi states. The inverse Fourier transformation is

2N—-1

|6e) = 2N) 71N~ ™ N gy e, (B.14)

k=0

where an obvious formula ﬁ Z§£o_ L gimik/N — 5,%\[ ) has been used. When p =1 the 2N
Cardy states may be identified with D-branes |D(z()) at 2N points on the circle, o = 0,

xR 2mR | (N-DmR
N>» N ) N )
[Pk)c = ‘D (M—R>> = 4—1_ > emimmkIN ﬁ "5 |(m, 0)), (B.15)
N 2N meEZ n=1
or Neumann states |N(Zg)) with 2N special values of the Wilson line, Zy = 0, E‘V, 2&‘3‘7 ,
e @N}gi}v)ml on the dual circle,
[Pr)c = ‘N <]”—O‘>> 1 D emimek/N ﬁ e~ (0, w)). (B.16)
RN v 2N? WEZL n=1

See [, 9] for boundary deformation of these boundaries.

B.2 Rational Gaussian orbifold models

The torus partition function of a boson compactified on an orbifold S*/Zs at radius R (i.e.
on a line element of length 7R) is

n(r) n(r) n(7)
Oo(T) | 103(1)]  |0a(7)|

The twisted part does not depend on the radius. When R? = p/p’ the CFT has an extended
chiral symmetry Ay /Zsy, generated by (N = pp’ as before)

Zorb( ) ZCII‘C( T, ) +

(B.17)

T, ja=j"—2j0% + = (8]) cos(2V Ng). (B.18)

Their conformal dimensions are h = 2,4, N. There are N + 7 primary operators whose
conformal dimensions are

I joh & & o o 7 7 (B.19)
h=01N/4 N/4 k*/AN 1/16 1/16 9/16 9/16 '
where £k = 1,..., N — 1. Their character functions are
1 () = 2x0() + 5 30 (1"
: T) = =xo(7 —
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277(7—) mEZ
. 1
oy Xy (r) = 5xv(),
¢k Xk(T)7
. . 1 1y2
L T (2m+3)
g Xo = 7~ q 47
n(7) m%
. . 1 512
L. i (2m+2)
T Xe=—= ) ¢, (B.20)
n(7) ZE:Z

where i = 1,2 and y,(7) are the characters of the S* theory (B.7). The orbifold partition
function at radius R = /p/p’ splits into the Ay /Zs characters,
N-1
ZEP(,7) = ba(m)P + G 0P + v (0P + I (0P + D xa(7) Xk (7)
k=1
Hxo (TP + NG (D + Iz (NP + ()2 (B.21)

Again the theory is not diagonal unless p = 1 or p’ = 1. The Cardy construction of
boundary states in these diagonal cases is discussed for example in [B3, 5J]. When p = p’ =
1 it turns out that the eight Dirichlet and Neumann states at the orbifold fixed points

D(0,+), D(rR,%), N(0,%), N(r/R,%), (B.22)
may be identified with the A;/Zy Cardy states
|H>C7 |j>C7 |¢§V>Ca |O-i>07 |Ti>C' (B23)

Boundary deformation of the orbifold models is discussed e.g. in [4§, F].

C. Twisted SU(2), characters

In this appendix we summarize formulae on the twisted characters of SU(2),. We start by
recalling the SU(2); character

Ory1,k+2(2T) — O_ 141y pr2(2]7)

(k) = C.1
X( (’Z|T) - i91(2|’7') ’ ( . )
which is a trace over the space of the spin £/2 module (0 < ¢ < k),
Tr qLO_S(%Wezm'ZJg . (C.2)
()
{4
Explicit forms of the k = 1 and k& = 2 characters are
1) Or,1(2|7)
xi(alr) = =22 (6=0,1), C.3
¢ (2l7) o) ( ) (C.3)
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1[ 93(7’ 93 Z‘T 94 94 ’T]
z|7' = |4/
2 n(T)

0 z|T
i) = e
X2 [ l93 93 Z|T /94 94 Z|7’ ] (C4)

We introduce the twisted characters by inserting operator e2mials along the spatial

cycle and e2mibJg along the temporal cycle of the world-sheet torus (a,b € R). Clearly the
twist by the temporal insertion shifts the parameter z by b. The twist in the spatial cycle
may be taken into account by modular transformations. With an appropriate choice of the

phase normalisation the twisted characters are'3
xé ()ab (2|7) = qi9 y2oe2mizab y (F )(z +at + b|7). (C.5)
Their modular transformations are
W pelr+1) = ) g0 G, (C6)
k
W (;;;) . Rty (2I7), (C.7)
2'=0

where hy = % is the conformal weights of the ground states and Sg?, the modular

S-matrix of SU(2)y,
k) [ 2 g (EFDE+D)
Spp = o Sin <7T T 12 . (C.8)
It is often convenient to introduce the ‘Zs-twisted characters’ Xék[zl 4 (1) whose bound-
ary conditions are parameterized by Zs-valued indices «, 5. They are defined as

X (i) = TR0 L G,
X (7) = R gy (1),
Xopy(Er) = PR, | (alr) ( T A N ) . (C9)
Their explicit forms using the theta functions are written as

k 1
Xé [2)1( IT) = e (9—2(z+1),4(k+2)(2/2\7) + (=1)"O(rs1) gt (2/2I7)

15O sy a2y itk (220D Oy acreny aces (2/217)),

13There is phase ambiguity in defining the characters (see e.g. [@]) and the formula @) is normalised
so that they transform with the standard SU(2) modular transformation laws. We normalise the twisted
characters so that they behave in a modular covariant manner. The choice is not unique; for instance the
convention in [E] slightly differs from ours.
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(k) _ 1
Xe1,0(27) = 01(2I7) <@—(z+1)+%,k+2(z|7) - @(z+1)+%,k+2(z|7))
1

—— (O_ z/2|T) — © z/2|T
04(z|7')( 2(0-+1)+(k+2),4(k+2) (2/2T) = Oo0041) 1 (kt2) a(k+2) (2/2]7)

+0 _o(0+1)-3(k+2)40k+2) (2/21T) = Os041)—3(k+2),4(k+2) (2/2]7)) ,

k 1
I = 7= (O arnysa a2 (2/217) + (1) Oy (raay e (2/217)

H(=1)FO_g(rs 1)-302) a02) (2/217) + (= 1) T O 4 1) 30-42) a(h42) (2/2!T)> :
(C.10)

Note that, when setting z = 0, we have X,i )é [1,0] (0|r) = Xé (0|7'), X](f_)z i 1](0|7') =

Xéﬁ)l71](0|7'), and also Xé,[O,l} (0|7) = 0 for an arbitrary odd £.14

Taking level £ = 1 and setting z = 0, these characters reduce to the familiar conformal
blocks of the twisted boson:

) C6pa(r) 2t
o0 = 50" =G0 M

(1) (1)
aO) = X0 = 22227 [0,
X6y O17) = x4y 017) = WNT H&Q (C.11)

Similarly, for £ = 2 we find the system of one twisted boson and one twisted fermion

1 040 056 2
0 (017) = 5(\/ Rl 4) ——<\/ Vﬁ) 4 0F) =0,

1 040 056 2
XSl (017) = 5(,/ 1Z 2 4) - (1/ 1/?‘) (C.12)
X0 (017) = 1/‘93 [ )0 @ 0205w [6s
(2) ) 0400 [ |05 @ B /92 0, [ [0,
XO,[I,l}(O‘T)—XQ,UJ}(O‘T)— ;%— % %, Xl,[l,l}(O‘T)_ %;_ % ?

(k)

One can immediately see that the ground states of X, (0,1 ( |7) are the usual spin

(Ol7) =0,

¢/2 integrable representation with conformal weights h, = (“2) On the other hand the

1(k+2)"
ground states of Xék[)l 0] (z|T) and Xék[)l 1 (z|7) are the twisted sector vacuum whose conformal

weight is

k—2+(k—-202 1 (t+2) ¢ k
16(k + 2) +16_4(l<:+2) 1716 (C-13)

hZE

M These simple relations are broken when z # 0.
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An important difference of the Zo-twisted character x% 1 from X\ék()o 1/2) is that the

; ~ inl it ~ e s . ~
insertion ¢/ is now replaced with o = ei™2ei™J5 . We note that & is involutive: 52 =
imJ3 is not. The twisted characters of the other types [, 8] = [1,0],[1,1]
are determined in a way consistent with the closedness of modular transformations. The

(k)

modular transformations of x, (,] are summarised as follows:

1, whereas e

i(hy——F
Wyl + 1) = & lomm) 6 .

£,[0,1]
(k) o LY inks? . Tl (k)
Xf,[(],l] ;’ - ; = e 2T Z e 2 0,0 X[’7[1,0](2’T)7
=0
o2mi(ht— -k
o el + 1) = R i) (B g,
(k) z 1 _ iﬂﬁﬁ i S z7r£/ (k)
Xepo \ 71— =) =€ > Sppe Xor [0,1)(217) 5
=0
2mi(ht— - f
ch[)l,l](zh—’_ 1)=ce¢ ( ¢ 8(k+2)) X(k[) O](Z‘T),
k
z 1 Z EL i 1_k
XE [)1 ]( |- ;) =e 2 Z M'€2 (e+t'= )XE,)[I 3 (2l7) - (C.14)

Note that & operates on the twisted Hilbert space (o = 1) as ¢ = e "1%¢/24ei™/0 that is
again involutive,’® 52 = 1. We may thus use the Zo-twisted characters XE’[L g as building
blocks of the Zg-orbifold of SU(2)y.

Due to obvious global symmetry one may use ™o or ™5 instead of ™0 above to
define the same twisted characters Xéﬁ)a, ﬁ](0|7—)' One can also use a more general rotated

~1, where p is any automorphism of SU(2). This is a consequence

current zero mode pet™5 p
of the rotational invariance of the Hamiltonian and the property of trace. When the U(1)
dependence (the angle variable z) is turned on its zero-mode insertion must be rotated
2mizJ3

simultaneously, as pe p~ 1. We use these symmetries to compute various overlaps (see

appendix D).

D. Formula for the mixed amplitudes

We derive in this appendix the formula ([D.4) that was used in computing cylinder ampli-
tudes of the fibre part. Similar techniques were also utilized e.g. in [AJ].

We consider a boson compactified on a self-dual S! and let |N) be the Neumann
boundary state,

IN) = sz (00 + 1)) (.1)

5This is easily checked using

i L ko

¢
Xe,[a,8](2 + 1T) = € 27 (=1)"X¢ [0, 8 (2]T).
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Here |¢)) are the SU(2); Ishibashi states for the spin £/2 (¢ = 0,1) representations. These
Ishibashi states are characterized by gluing conditions and overlaps,
Oy,1(zlis)

Jﬁ‘i‘jgn ) =0, ge—wsHCe%ring N = 8p :
o+ T =0, (4 ) = 0 22

(D.2)
It is then easy to find that

(N’e—nch e27ring ‘N> —

<@0,1(z\z‘s) N O1,1(2is) )

Sl

n(is) n(is)
e—27rt(n+%)2
= _, t=1/s) . D.3
S =1 (D3)
We wish to show that
o 2
(NJemmsH ) R en ) = L e *5) (D.4)
n(it) ’
nez
where
a8, ¢) = cos™! (cosfcos @) . (D.5)

If this formula holds one may replace Ji with JZ because e~ %7 J&e%‘]g = J2. One can
show (D-4) by going to the spin % basis of SU(2) in which the current zero modes are
represented by the Pauli matrices. Then one may write,

i0 : 0
2i0J3 2ipJt 2093 iopL [ €Y cosd e sing
e 0e 0 = e3¢ 2= . iy . (D.6)
e "sing e " cos ¢

This is diagonalised as

(8,
(6 E) ) e_i3(0’¢) > — e2ia(9,d>)073 , (D?)
with a(6, ¢) given by (D.§). We can then use an unitary operator U to write 21073 o215 —
Ue2i°‘(97¢)JgU_1, where the explicit form of U is U = ei01(Jg +T51) i02(Jg +T5%) ... The
Neumann state is invariant under the rotation by U because of (D.J). Therefore, us-
ing (D-3), we obtain the desired formula (D-4). It is also easy to generalize the method
described here to SU(2); at arbitrary k.
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